Resource allocation based on integer programming and game theory in uplink multi-cell cooperative OFDMA systems by Zhao Hou et al.
RESEARCH Open Access
Resource allocation based on integer
programming and game theory in uplink
multi-cell cooperative OFDMA systems
Zhao Hou*, Yueming Cai and Dan Wu
Abstract
In this article, we propose a semi-distributed resource allocation framework for the resource optimization in multi-
cell uplink cooperative orthogonal frequency division multiplexing systems. Specifically, we model the resource
allocation framework as an optimal problem. This optimization problem is divided into two steps. First, using
integer programming, we achieve the joint relay selection and subcarrier allocation based on maximizing system
sum rate in a centralized way. Second, the distributed power allocation is achieved based on game theory, for
cooperative and non-cooperative users, respectively. For cooperative mobile stations, an improved utility is
proposed to regulate power allocation in the two time slots. Besides the existence of Nash equilibrium (NE), a new
approach for the strict mathematical proof of the uniqueness of NE is proposed. Simulation results demonstrate
that the proposed algorithm successfully combines the merits of centralized and distributed framework. It can
effectively make use of relays to enhance the sum rate of users as well as achieve the fairness among users.
Keywords: cooperative OFDMA systems, inter-cell interference, semi-distributed resource allocation framework,
game theory, progressive optimization, Nash equilibrium
1. Introduction
Owing to its potential to realize high-rate and reliable com-
munications over wireless channels, cooperative orthogonal
frequency division multiplexing (OFDM) technology has
drawn extensive attention in recent years as a critical 4G
technology. The performance of an OFDMA system
depends on careful resource management, including sub-
carrier allocation and power control. However, the intro-
duction of cooperative technology, which enhances the
system performance by achieving the benefits of spatial
diversity, imposes more complexity on resource manage-
ment. Current resource allocation algorithms in coopera-
tive OFDMA systems can be divided into centralized and
distributed categories [1-9]. The former cannot ensure fair-
ness among users and may lead to the near-far effect, the
disproportion of resource allocation caused by the channel
state associated with the different locations of the users
[4,5]. The latter is constrained with worse efficiency and
more complexity, and asks for more channel overheads.
Keunyoung’s [1] scheme is pursing for maximizing the
OFDMA system sum rate under the power constraint. It
has been accepted as the optimal solution that each sub-
carrier was allocated to the user with the marginal rate.
Zhang et al. [2] study the relay selection, subcarrier and
power allocation in cooperative OFDMA system under a
QoS requirement. But, as centralized allocation schemes,
these two schemes result in near-far effect because they
aim at optimizing the system performance rather than the
performance of each user. Therefore, subcarrier and
power are allocated to users whose channel states are bet-
ter, and users who have worse channel state achieve poor
wireless transmission since they obtain poor wireless
resources [4].
Game theory, a mathematical methodology tradition-
ally applied in micro-economic studies, has found its
applications in various aspects of communication engi-
neering as an effective tool for studying conflictive and
cooperative issues among several actors [10], including
distributed resource allocation in OFDMA systems [3-9].
Han et al. [3] introduce a game-based power minimiza-
tion model in a multi-cell OFDMA system. Wu et al. [4]
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and Yu et al. [5] focus on a subcarrier and power alloca-
tion scheme in uplink OFDMA systems, where each user
not only has the different power constraint, but also is
limited by different rate requirements. In [6], under a
cooperative OFDMA scenario, the authors build up the
interference channel model based on amplify-and-for-
ward (AF) and decode-and-forward (DF) modes, and
study power control scheme based on a two-stage game.
But, the studies in [3,6] do not take subcarrier allocation
into account, and in [3] the authors do not introduce the
relay nodes. Authors of [4-6] consider a single-cell sce-
nario, i.e. absence of consideration of inter-cell interfer-
ence. Lee and Yum [7] introduce a novel framework to
find the necessary and sufficient condition for Pareto-
efficiency. The resource allocation algorithm developed
by Lang et al. [8] aims at minimizing the users’ transmit-
ting power in a multi-cell OFDMA system based on
game theory under the constraint of the peak value of
power. However, this algorithm cannot ensure conver-
gence. Yu et al. [9] propose a game approach for distribu-
ted power allocation in a multi-cell downlink cooperative
OFDMA system, but the relay selection and subcarrier
allocation are not considered. In addition, existing
approaches [11] to prove the uniqueness of a game-based
resource allocation scheme are of high complexity.
In this article, we propose a semi-distributed resource
allocation framework for the resource optimization in
multi-cell uplink cooperative OFDM systems in DF
mode. Specifically, we model the resource allocation fra-
mework as an optimal problem. This optimization pro-
blem is divided into two steps. First, using integer
programming, we achieve the joint relay selection and
subcarrier allocation based on maximizing system sum
rate in a centralized way. Second, the distributed power
allocation is achieved based on game theory, for coop-
erative and non-cooperative users, respectively. For
cooperative mobile stations, an improved utility is pro-
posed to regulate power allocation in the two time slots.
Besides the existence of Nash equilibrium (NE), a new
approach for the strict mathematical proof of the
uniqueness of NE is proposed. Simulation results
demonstrate that the proposed algorithm successfully
combines the merits of centralized and distributed fra-
mework. It can effectively make use of relays to enhance
the sum rate of users as well as achieve the fairness
among users.
The rest of the article is organized as follows: Section 2
describes the channel and system model. Section 3 states
the framework of the progressive optimization, which is
composed of the joint relay selection and subcarrier allo-
cation, the game approach for distributed power alloca-
tion scheme, the existence and uniqueness of NE as well
as the algorithm framework. Simulation results are given
and analyzed in Section 4. Finally, concluding remarks in
Section 5 end the article.
2. System model
We consider a multi-cell cooperative OFDMA scenario.
In each cell, there is one base station, multiple users
and multiple relays. Each user can communicate with
the base station directly or through a certain relay. All
of the orthogonal subcarriers are available in each cell,
and each of them can exclusively be allocated to a cer-
tain user [9]. Therefore, inter-cell interference originates
from co-channel users in adjacent cells.
Assume that there is a cooperative OFDMA hexagon
cell, in which the base station is in the centre and K relays
are equally located on a circle which has the same centre
with the cell. Besides, the radius of this circle r2 is smaller
than the hexagon cell radius r1. A total number of M users
are deployed uniformly in the cell, Md of which connect
directly to the base station while the rest Mr ones commu-
nicate through a certain relay, Md, Mr = 0,1,..., M. In other
words, users can communicate either in a non-cooperative
or in a cooperative mode. The total bandwidth of the sys-
tem is B, which is equally divided into N orthogonal sub-
carrier. The channel is frequency-selective Rayleigh fading.
Around this cell there are L co-channel cells. The distribu-
tion of relays and users of all cells is similar. Figure 1
shows the cell layout.
We assume all channel state information (CSI) can be
perfectly be known by the base station, relays and users.
Thus, ∀ k Î {1,2,..., K}, m Î {1,2,..., M}, n Î {1,2,..., N}, for
the nth subcarrier, the channel coefficients between base
station and the mth user, the kth relay and the mth user,
the base station and the kth relay are denoted by hnd,m,
hna,km and h
n
b,k, respectively. The notation a means the first
time slot, while the notation b denotes the second one.
Meanwhile, the notation d corresponds with the users
which are transmitting directly with the base station. The
noise variance in the channel is s2.
In this article, the relays work under DF mode. In the
odd time slot, a cooperative user transmits information
to its corresponding relay. And in the next even slot,
the relay decodes the signal received in the odd slot and
forwards it to the base station. For the nth subcarrier,
the transmitting power between the mth user and the
kth relay in the odd slot can be denoted as pnkm(1), and
the transmitting power between the kth relay and the
base station in the next even slot is pnkm(2).
Therefore, for the cooperative users, in DF mode, the
instantaneous rate of relay-user (k, m) on the nth sub-
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∣∣∣hhnb,k(l)∣∣∣2 denote the co-channel inter-
ference from the lth adjacent cell cooperative users in the
odd and even time slots, respectively, ∀ k Î {1,2,..., K}. For
the nth subcarrier, hhna,km(l) is the channel coefficient
between the kth relay and the mth user in the lth adjacent
cell, and hhnb,k(l) is the channel coefficient between the
base station and the kth relay, in addition of pownkm(i, l)
which denotes the transmit power from the lth adjacent
cell in the ith slot, i = 1,2.
On the other hand, by denoting pn0m(1) and p
n
0m(2) as
the transmitting power of non-cooperative users in the
odd and even time slots, respectively, we can extend the




























∣∣∣hhnd,m(l)∣∣∣2 denotes the co-
channel interference from the lth adjacent cell non-
cooperative users. Similarly, the transmitting power of
non-cooperative user in the ith slot can be denoted as
pown0m(i, l), and hh
n
d,m(l) is the channel coefficient
between the base station and the mth user, i = 1,2.
3. Solution on relay selection, subcarrier and
power allocation
As is known to us, subcarrier and power allocation
impose great influence on system performance. In
uplink cooperative OFDMA system, subcarrier is public
resource which is in competition among different users.
However, power of each user can be controlled indepen-
dently according to their own demand and power capa-
city. So, we develop a semi-distributed allocation
framework, in which we are pursuing for the combina-
tion of merits of centralized and distributed schemes,
and can effectively achieve the subcarrier and power
Figure 1 Demonstration of the system structure and the working process of the multi-cell uplink OFDMA system.
Hou et al. EURASIP Journal on Wireless Communications and Networking 2011, 2011:169
http://jwcn.eurasipjournals.com/content/2011/1/169
Page 3 of 10
allocation. In the proposed scheme, relay selection can
be achieved with subcarrier allocation under the control
of a centre, i.e. the base station, while the next step is
achieved by each user.
On the other hand, resource allocation, which con-
tains relay selection, subcarrier and power allocation, is
an NP-hard problem which has great complexity. For
simplicity, the division of the original problem into two
progressive sub-optimal ones, which is at the cost of a
loss of optimality, and is convenient for us to solve the
problem.
3.1. Centralized joint relay selection and subcarrier
allocation
The relay selection and power allocation framework can
be represented by binary assignment variables xnkm, which
can alternatively equals to 0 or 1. While xnkm = 1, the nth
subcarrier is matched for the communications between
the mth user and the kth relay, vice versa. If k = 0, the
value of xnkm demonstrates whether the nth subcarrier is
matched directly for the communications between the
mth user and the base station. The (K + 1) × M × N
dimension 0-1 matrix X = (xnkm) can be defined as the
relay-user-subcarrier matching matrix, i.e. the relay selec-
tion and subcarrier allocation matrix.
Therefore, we can optimize the framework aiming at
maximizing the system capacity. However, water-filling
algorithm cannot ensure the QoS of farther users whose
CSI is not as good as the nearer ones, i.e. the near-far
effect is more obvious [4]. Hence, we can introduce QoS
requirement to ensure that each user can reach a mini-
mum rate. The optimization problem for joint relay
selection and subcarrier allocation in cooperative

























where the 1 × m vector c¯min denotes the minimum
rate of each user.
The optimizing framework is therefore formulated as
an integer programming problem. By introducing a 1 ×
m dual vector lm and introducing sub-gradient method,
we can make use of the iterative algorithm proposed in




1, (k,m) = (k∗,m∗) = argmax
k,m
[1 + λm (iter)] cnkm
0, o.w.
(4)
λm (iter + 1) =
[
λm (iter) + α (iter)
(
c¯min − cnkmxnkm (iter)
)]+ (5)
where iter represents the iterative times, and a(iter)
means a proper iterative step length which is related to
the iterative times.
Theorem 1 [12] If
∑
iter
α (iter) → ∞, and a(iter)®0 as
iter ® ∞, then the optimizing goal can converge upon
the optimal value.
According to Theorem 1, we can entitle a non-conver-
gent infinite series to a(iter), whose items incline
towards zero while the iterative time goes to infinite.
Therefore, we can evaluate α (iter) =
1
iter
. By iteration of
Equations 4 and 5, the optimal solution can be obtained
accordingly. It is achieved by the base station in the
centre.
3.2. Distributed power allocation scheme
When subcarriers’ allocation has been finished, we can
focus on power allocation with the goal of maximizing
each user’s rate. We can pay more attention to the even
time slot, in which we can distinguish cooperative and
non-cooperative modes. By introducing game theory,
the power allocation scenario can be corresponded with
the three basic components of game theory as following.
Non-cooperative players: the Md non-cooperative users
and the K relays which conflict with each other shown
in Equations 1 and 2.
The action profile: the transmitting strategy of each
player.
The set of utility functions: an income which is related
to the rate of each player.











pns (2) ≤ pmax, s = {1, 2, . . . ,K,K + 1, . . . ,K +Md}
where pns (2) is the transmitting power of node s in the
even time slot, and the elements of pmax are the peak
values of the K relays and the Md non-cooperative users.
The design of the utility function exerts great influ-
ence on the system performance. For non-cooperative
users, with the purpose of adjusting the transmitting
power in the even time slot, we can design the utility
function of the mth non-cooperative user as
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where ψd, m is the subcarrier set of the mth non-coop-




σ 2 + I0
is the signal-to-noise-and-
interference-ratio (SINR) of the mth non-cooperative
user upon the nth subcarrier in the even time slot, ad is
a non-negative cost factor whose unit is bps/W, in
which the notation W denotes the power unit Watt, and
pm, max denotes the power constraint of the mth non-
cooperative user. In the utility function above, the first
term represents the goal to maximize the mth non-
cooperative users’ rate, and the second term is the cost
function which aims at reducing the transmitting power.
Particularly, path attenuation is an important factor to
determine the cost originating from power consumption.
In light of this, the 2-norm of channel coefficients is
introduced into the cost function to regulate the power
consumption in different channel conditions.
Similarly, for relays which are applied to forward
cooperative users’ information in the odd slot, the utility




























where ψr, k is the subcarrier set of the kth relay for the
communication between the kth relay and its corre-
sponding cooperative users, SINRnd,m(2) =
pnkm(2)
∣∣∣hnb,k∣∣∣2
σ 2 + Ib
is the SINR of the mth direct user upon the nth subcar-
rier in the even time slot and pk, max denotes the power
constraint of the kth relay. ar is a non-negative cost fac-
tor whose unit is bps/W, while b is a non-negative
weight factor for the pricing item whose unit is bps.
Employing a utility function in the form of (7) will lead
to a unilateral SINR increase in even time slot, and the
capacity of a relay user is confined by the minimum
SINR of the two kinds of time slots. To get the balance
in the two slots, the introduction of the third item is
necessary. The squared term in the expression grows
fast when the SINR in the even slot increases and
exceeds that in the odd slot. Thus, the price rises to
punish the relay from allocating too much power on
that subcarrier [9].
3.3. The existence of NE
When it comes to a game model, NE is always our expec-
tation. NE is an important concept in a non-cooperative
game, in which each actor is content to keep the present
strategy rather than change it. In other words, NE is the
profile of each actor’s optimal strategy.
Theorem 2 [10] The function must be quasi-concave
(or quasi-convex) if it is concave (or convex).
Theorem 3 [10] There is an NE at least in game G =
[N, {Pi}, ui(·)], if
(1) Pi are the sub-sets of R
n and are non-empty,
compact and convex;
(2) ui are continuous in Pi;
(3) ui are quasi-concave in Pi.
where N is the set of players, Pi and ui are the action
profile and the utility function of player i, i = 1,2,..., N.
According to these theorems, we can give the proof of
the existence of NE in the game scenario in this article
as follow.
Proof: It is obviously that the first and the second con-
ditions are satisfied according to the expressions of Pi
and ui(·). We can focus on the rest one.
In our game model, for the mth non-cooperative user,
we can get the first-order and second-order derivative






























Similarly, for the kth relay, we can get the first-order


































)2 < 0 (12)
Therefore, for both relays and direct users, their utility
functions are quasi-concave in pnkm(2) and p
n
0m(2), respec-
tively. Consequently, the NE exists in the proposed
framework.
3.4. The uniqueness of NE
The uniqueness of NE demonstrates that each node can
reach a converging strategy profile. The authors of [11]
proposed an approach to prove it. As a matter of fact, the
uniqueness can also be obtained from its original meaning.
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Considering the power strategies profile P¯ can be obtained
by iteration, whether the positive term series∣∣P¯(t + 1) − P¯(t)∣∣ can reach its convergence determines the
uniqueness of NE.
Proof: For the mth non-cooperative user, let Equation








Therefore, we can get the value of pn0m(2) by iteration of
Equation 13 and SINRnd,m(2) =
pn0m(2)
∣∣∣hnd,m∣∣∣2
σ 2 + I0
. When it
comes to the iterative expression, as the iterative time t®
∞, we can get the positive term series



















∣∣SINRnd,m(2)(t) − SINRnd,m(2)(t − 1)∣∣(
1 + SINRnd,m(2)(t)
) (






1 + SINRnd,m(2)(t − 1)
), the
equation above can be expressed as













σ 2 + I0
−
∣∣∣hnd,m∣∣∣2pn0m(2)(t − 1)
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· δ(t)δ(t − 2)(
σ 2 + I0






σ 2 + I0
)




δ(i) · ∣∣pn0m(2)(2) − pn0m(2)(1)∣∣
(14)
∀SINRnd,m(2)(t) 	= 0, δ(t)<1. So, the second term of the
equation above inclines to zero as t ® ∞. If we adjust




σ 2 + I0
) < 1, i.e. αd > B
N ln 2
(








σ 2 + I0
)
) t − 1
2
= 0. And∣∣pn0m(2)(2) − pn0m(2)(1)∣∣ is a definite value. Thus, the
right-hand side of Equation 14 inclines towards zero.




σ 2 + I0




σ 2 + I0
), the right-hand side of Equation 14
is inclining to zero as t ® ∞, i.e. the series
pn0m(t + 1) − pn0m(t) is absolutely convergent. It means
that by iteration, the solution of NE pn0m(2) can reach a
certain value. NE is therefore unique.
Similarly, when it comes to the kth relay, let Equation
11 be zero, we can get the iterative expression of pnkm(2)
as following.






















































1 + SINRnk,m(2)(t − 1)
·
∣∣SINRnk,m(2)(t) − SINRnk,m(2)(t − 1)∣∣(
1 + SINRnk,m(2)(t)
) (


















1 + SINRnk,m(2)(t − 1)
·
∣∣pnkm(2)(t − 1) − pnkm(2)(t − 2)∣∣(
1 + SINRnk,m(2)(t)
) (
































1 + SINRnk,m(2)(i − 1)
) (
1 + SINRnk,m(2)(i − 1)
)
Imitating the explanation of the counterpart of direct
users, the second term is a finite value, and the last two
terms are smaller than 1. By adjusting the relationship






σ 2 + I0
≤ 1, the
series pnkm(t + 1) − pnkm(t) is absolutely convergent. NE is
therefore unique.
Conclusively, NE of our game approach is unique. In
other words, all of the relays and non-cooperative users
can automatically choose a strategy of transmitting
power, and no one will unilaterally change the power
value. But, as far as we are concerned, the Pareto effi-
ciency cannot be ensured because this is a sub-optimal
scheme.
3.5. Relay selection, subcarrier and power allocation
algorithm
According to the discussion above, we can get the pro-
gressive optimization of relay selection, subcarrier and
power allocation mechanism as Figure 2.
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Figure 2 Demonstration of the progressive optimization on relay selection, subcarrier and power allocation. Phase 1 is the joint relay
selection and subcarrier allocation based on integer programming, while phase 2 depicts the iterative steps of the game-based power allocation
scheme.
Figure 3 Demonstration of the simulation results of users’ sum rate versus number of relays.
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4. Simulation results
We consider a cooperative OFDMA cell with N = 64
orthogonal subcarrier available and a radius of r1 = 1 km.
DF relays are deployed on a circle with a radius of r2 =
0.5 km at equal angular distance and users are randomly
distributed in the cell. The frequency-selective channel
consists of six independent paths. Rayleigh multipath
adopts Clarke’s model. A modified COST231-Hata pro-
pagation model is utilized with path loss 128 + 38 log (R)
where R is the distance whose unit is kilometre. The total
bandwidth is 1.25 MHz and the power spectral density of
noise is -155 dBm/Hz [2]. The total power available at all
users is 0.05 W, while that at all relays is 0.1 W. ad and
ar are evaluate to 40 and 100 kbps/W, respectively. The
power is uniformly allocated on each subcarrier. Six simi-
lar cells are allocated around this cell, which have the
same subcarriers.
Figure 3 demonstrates the relation of average sum rate
versus number of relays under the algorithm in [2,4] and
the proposed one, respectively. The total number of the
users is 20. We can see that as the number of relays
increases, the sum rate of users increases more obviously
under the proposed algorithm. According to our analysis
in Section 3.1, on one hand, unilateral pursuit of maxi-
mizing system rate under centralized control cannot
always meet the requirement of QoS for all distributed
users. On the other hand, distributed resource allocation
may lead to disorder and low efficiency. For resource
which is in competition among users such as subcarrier,
it is unfair for the later choosing users to choose subcar-
riers by turns. Simulation results are consistent with the
analysis above. In addition, it demonstrates that the pro-
posed algorithm can efficiently make use of relays to pro-
mote the sum rate of users.
Figure 4 discusses the relation of each user’s rate versus
the distance between base station and users under the
algorithm in [2,4] and the proposed one, respectively.
The total number of the users is eight with three relays
assisting their transmission. As Figure 4 depicts, each
user’s rate under the proposed algorithm decreases more
smoothly than that in the other two algorithms as the
distance increases. Therefore, the fairness is well
achieved. It is also consistent with the analysis in the
paragraph above.
Figure 4 Demonstration of the simulation results of each users’ rate versus distance between the base station and the users.
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Figure 5 expresses the relation of average sum rate
versus number of relays under the algorithm in [2,4]
and the proposed one, respectively. The total number
of the relays is 6. We can see the sum rate of users
increases the most sharply under centralized algorithm.
It is because that the algorithm in [8] aims at maximiz-
ing the system rate, regardless of power consumption
of a certain user. The proposed algorithm is a progres-
sive optimal framework, in the second step of which
we consider the compromise of user rate maximization
and power consumption. Therefore, fairness is achieved
at the cost of reduction on the sum rate of users. It
also demonstrates that regardless of fairness, centra-
lized framework performs better if the number of user
increases.
When it comes to the convergent speed of the proposed
scheme, we can discuss this question in the two steps. In
the first step, using sub-gradient algorithm, its convergent
speed is not so fast [12], totally about 100-300 iterative
times. The length of iterative step is related with the con-
vergent speed as analysis in Section 3.2. In the second
step, the proposed scheme whose utility function structure
similar with [5] can convergence in 10 times.
In a word, the proposed algorithm, which combines the
merits of centralized and distributed framework, can effi-
ciently make use of relays to promote the sum rate of
users. Meanwhile, fairness improvement is well achieved.
Strict mathematic proof of Pareto efficiency is not given,
but simulation results demonstrate that the proposed
scheme performances promotion on the base of the cen-
tralized and distributed schemes.
In addition, when it comes to the feasibility of the pro-
posed algorithm, the CSI should be obtained by the base
station in the joint relay selection and subcarrier allocation,
and then be conscious of each relay and user. In other
words, some overheads are necessary for transmitting the
CSI from base station and these distributed nodes. There-
fore, the proposed algorithm is suitable for the resource
allocation in cooperative OFDMA systems if the cost of
channel overhead can be afforded. Otherwise, in energy-
saving systems, CSI overheads reduce the feasibility of the
proposed algorithm.
5. Conclusion
In this article, we propose a semi-distributed resource allo-
cation framework for the resource optimization in multi-
Figure 5 Demonstration of the simulation results of users’ sum rate versus number of users.
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cell uplink cooperative OFDM systems in DF mode. Speci-
fically, we model the resource allocation framework as an
optimal problem. This optimization problem is divided
into two steps. First, using integer programming, we
achieve the joint relay selection and subcarrier allocation
based on maximizing system sum rate in a centralized
way. Second, the distributed power allocation is achieved
based on game theory, for cooperative and non-coopera-
tive users, respectively. For cooperative mobile stations, an
improved utility is proposed to regulate power allocation
in the two time slots. Besides the existence of NE, a new
approach for the strict mathematical proof of the unique-
ness of NE is proposed. Simulation results demonstrate
that the proposed algorithm successfully combines the
merits of centralized and distributed framework. It can
effectively make use of relays to enhance the sum rate of
users as well as achieve the fairness among users.
As a progressive optimization, the semi-distributed
scheme combines the merits of centralized and distribu-
ted framework in a low complexity. In the future, we are
launching on further study about a novel utility function
design for system rate elevation, and develop our study
towards a transmitting scheme with lower interference,
power consumption and CSI overheads. The proof of the
Pareto efficiency of transmitting power strategy, as well
as the certification of the identity of NE and the optimal
solution, needs to be developed as well.
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